In this paper, we study the Schottky transport in narrow-gap semiconductor and few-layer graphene in which the energy dispersions are highly non-parabolic. We propose that the contrasting current-temperature scaling relation of J ∝ T 2 in the conventional Schottky interface and J ∝ T 3 in graphene-based Schottky interface can be reconciled under Kane's k · p non-parabolic band model for narrow-gap semiconductor. Our new model suggests a more general form of J ∝ T 2 + γkBT 3 , where the non-parabolicty parameter, γ, provides a smooth transition from T 2 to T 3 scaling. For few-layer graphene, it is found that N -layers graphene with ABC-stacking follows J ∝ T 2/N+1 while ABA-stacking follows a universal form of J ∝ T 3 regardless of the number of layers. Intriguingly, the Richardson constant extracted from the Arrhenius plot using an incorrect scaling relation disagrees with the actual value by two orders of magnitude, suggesting that correct models must be used in order to extract important properties for many novel Schottky devices.
INTRODUCTION
Translating the unusual physical properties of novel nanomaterial-based heterostructures into functional device applications has become one of the major research goals in recent years [1] . One important heterostructure is the metal/semiconductor interface, commonly known as the Schottky interface [2] , where novel applications such as broadband ultrasensitive photodetector [3] , gatetunable Schottky barrier [4] , promising solar cell performance [5] and ultrafast phototransistor [6] have recently been demonstrated. The current transport across a Schottky interface is mainly due to majority carriers. In general, there are three different transport mechanisms, namely diffusion of carriers from the semiconductor into the metal, thermionic emission of carriers across the Schottky barrier and quantum-mechanical tunneling through the barrier [7] . For the thermionic emission, the Schottky diode equation is written as [8] J =J e eV ηk B T − 1 ,
whereJ is the reverse saturation current density determined by the thermionic emission process, V is the bias voltage and η is an ideality factor. For bulk materials with parabalic energy disperson (E k ∝ k 2 ), the reversed saturation current densityJ takes the well-known Richardson form of [9, 11] 
where Φ denotes the magnitude of the Schottky barrier's height. The exponential term, e −Φ/kB T , in Eq. (??) originates from the classical Boltzmann statistics and is universal regardless of the form of the transport electron energy dispersion while theJ ∝ T 2 current-temperature scaling relation is a signature of the parabolic energy dispersion of the transport electrons.
For novel materials with non-parabolic energy dispersion [see Figs. 1(a)-(d) for examples of non-parabolic energy dispersions], the validity ofJ ∝ T 2 should be verified. Although it is well-known that the energy dispersion plays an important role in governing the Schottky transport, the traditionalJ ∝ T 2 model is still widely used in the vast majority of recent experimental works on Schottky interfaces composed of novel materials, such as MoS 2 , black phosphorus, graphene and few-layer graphene, where the dispersion is highly nonparabolic [4, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . This highlights the need to reformulate the Schottky model in order to uncover the underlying physics in these structures. For a monolayer graphene, it is recently reported thatJ has an unconventional form ofJ Dirac ∝ T 3 e −Φ/kB T [23] . Thē J Dirac ∝ T 3 behavior can be regarded as the DiracSchottky scaling relation and is a signature of the linear energy dispersion in graphene [24] . As the form of the energy dispersion can crucially affect the scaling, the Schottky transport model has to be reformulated for Schottky interface made up of non-parabolic dispersions-based materials. The very distinct forms between the Schottky T 2 -scaling and the Dirac-Schottky T 3 -scaling also prompts us to investigate whether theJ R ∝ T 2 and thē J Dirac ∝ T 3 can be connected via a unique energy dispersion that is 'intermediate' between parabolic and linear and whether graphene multilayer follows other forms of unconventional scaling relation.
In this paper, we study the Schottky transport in narrow-gap semiconductor and in few-layer graphene (FLG) in which the energy dispersion is highly nonparabolic. We show that the Schottky T 2 -scaling and the Dirac-Schottky T 3 -scaling can be unified under Kane's k· p band model for narrow-gap semiconductor in which the band non-parabolicity is captured by the non-parabolicity paramter, γ [25] [26] [27] . We obtained a Kane-Schottky scal-ing relation of
The scaling relation exhibits a mixture of T 2 and T 3 . Here, γ is responsible for the continuous transition from J ∝ T 2 toJ ∝ T 3 scaling. In the case of perfectly parabolic dispersion (γ → 0) and perfectly linear dispersion (γ → ∞), the scaling becomesJ ∝ T 2 andJ ∝ T 3 , respectively. Thus, Kane-Schottky scaling relation is a more general SR that connects the Schottky T 2 -scaling and the Dirac-Schottky T 3 -scaling. In few-layer graphene (FLG), we found that the scaling is strongly dependent on the stacking order. For ABA-stacked N -layer FLG, the Schottky current shows an N -fold enhancement due to the presence of N conduction subbands. Peculiarly, J (N )
ABA follows the Dirac-Schottky T 3 -scaling universally regardless of the number of layers. This is in contrast to ABC-FLG whereJ
. Finally, we show that the Richardson constant extracted from the Arrhenius plot disagrees with the actual values by 2 orders of magnitude when an incorrect T 2 -scaling is used. This emphasizes the importance of using a correct model when interpreting the experimental data in Schottky devices of non-parabolic energy dispersions.
THEORY
The Schottky transport model is shown in Fig. 1(d) . J is determined by the thermionic emission process that we will briefly describe the formalism here [7, 28] . The energy of the emitted electron can be written as E = E ⊥ + E , where E ⊥ is the energy component along the emission z-direction and E is the energy component lies in the xy-plane [see inset of Fig. 1(d) ]. The electron emission current density is given as
where D(E ⊥ ) is the transmission probability and Φ is the Schottky barrier. For over-barrier process,
n(E, E ⊥ )dE where the electron supply density is
The group velocity component along the emission direction is given as v ⊥ = −1 dE ⊥ /dk ⊥ and f (E) is the FermiDirac distribution function. The k-space integration can be rewritten as d 3 k = k dk dφdk ⊥ where k = (k x , k y ) denotes the in-plane crystal momentum of the transport
(ℎ) electron, k ⊥ denotes the out-of-plane momentum component and φ = tan −1 k y /k x . Since the energy of the overbarrier electron is much larger than the Fermi level, the Fermi Dirac distribution function can be approximated by the Boltzmann distribution function. We can simplify
where f MB (E) is the Boltzmann distribution function. In order to complete the (· · · )dE integral in N (E ⊥ )dE ⊥ , the k-space differentials k dk needs to be converted into an E -space differentials. The k dk → dE transformation depends on the actual form of the E -k relation, i.e. the energy dispersion. Therefore, N (E ⊥ )dE ⊥ contains all information of the energy dispersion and plays an important role in determining the form of the Schottky transport current.
RESULTS AND DISCUSSIONS
In this Section, we present the Schottky transport models for two classes of non-parabolic energy dispersions: (i) Kane's non-parabolic energy dispersion for narrow-gap semiconductor; and (ii) FLG with ABAstacking and with ABC-stacking. For (i), we further consider two related band structure effects, i.e. Kane's model with band anisotropy and parabolic model with higher order k 4 correction term. The details of the derivation is presented in the Appendices.
Kane-Schottky transport model
The electron transport in narrow gap semiconductor is well-described by Kane's non-parabolic band model [25, 26, 29] . As the parabolic energy band is only a good approximation near the conduction band edge, Kane's model is also an improved band model especially for higher energy transport electrons [30] [31] [32] . Kane's nonparabolic energy dispersion is given as E (1 + γE ) = 2 k 2 /2m where γ = (1 − m/m 0 )/E g denotes the nonparabolicity of the dispersion, m 0 is the bare electron mass and E g is the magnitude of the bandgap. γk B typically lies in the range of 10 
(7) The detailed derivation can be found in the Appendix A. The reverse saturation current density exhibits a combination of the Schottky T 2 -scaling and the Dirac-Schottky T 3 -scaling, i.e. J ∝ T 2 + 2γk B T 3 . This finding concludes that the Kane-Schottky model gives a more general scaling relation as it unifies both Schottky and DiracSchottky scaling relations via γ. For highly parabolic limit, γ → 0 and this yields the conventional Schottky T 2 -scaling with reverse saturation current densitȳ
2 3 is the Richardson constant. In the extremely non-parabolic limit of γ → ∞ (i.e. perfectly linear dispersion), the energy dispersion becomes linear in k, i.e. E = v F k where v F ≡ 1/2mγ and the T 3 term dominates. In this case, Eq. 
Arrhenius plot of the Kane-Schottky model using different scaling relation with γkB = 10 −3 K −1 . Kane-Schotkky, Schottky, and Dirac-Schottky scaling relations are denoted by solid, dashed and dotted lines, respectively. The reverse-bias is set to V = −1 V to ensure current saturation.
stant. In Fig. 2 , we generate the Kane-Schottky current density, J, with Φ = 0.30 eV and η = 1.1 for temperature from 200 K to 500 K and plotted the 1/T -Arrhenius plot using different scaling relations of:
3 )]; (ii) log(J/T 2 ); and (iii) log(J/2γk B T 3 ). Due to the dominating exp(Φ/k B T ), scaling (ii) and (iii) are both well-fitted by straight lines. The Schottky barrier's heights extracted from the gradients of the linear-fit are Φ = (0.31, 0.28) eV respectively for (ii) and (iii). This deviates only slightly from the actual value of 0.30 eV. However, the Richardson constant, determined from the y-intercepts of the linear-fit, is A fit = (2.46, 0.0028)A 0 respectively for scaling (ii) and (iii) and disagrees significantly with the actual value A 0 ≡ eg s,v mk 2 B /4π 2 3 . This illustrates the importance of using the correct scaling in the Arrhenius plot, instead of assuming the conventional T 2 -scaling, when extracting A fit from experimental data. For completeness, we further demonstrate that the Kane-Schottky scaling relation is robust against band anisotropy and can be similarly obtained by including a higher order k 4 correction term in the parabolic dispersion. For the former case, we have
y /2m y where (m x , m y ) is the anisotropic effective mass in x-and y-direction respectively. This yields a Kane-Schottky scaling in the form of
The latter case represents an alternative approach to account for the band non-parabolicity via a higher-order k 4 term, i.e. E = αk 2 − βk 4 where α ≡ 2 /2m and β is a small correction factor. In this case, we obtain
where
is an characteristic energy. Note that as β ≪ α, ε ≫ k B T for all practical temperature. Using the fact that D + (x) ≈ 1/2x + 1/4x
3 for large x, we obtain the Kane-Schottky scaling of
Few-layer graphene Schottky transport model
The electronic properties of FLG is sensitively dependent on the number of layer, N , and the stacking order [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] . FLG with ABA-and ABC-stacking are the most thermodynamically stable stacking orders [50] . The energy dispersion of both stacking orders are highly non-parabolic and this motivates us to develop a non-parabolic Schottky transport model for ABA-and ABC-FLG-based Schottky interfaces (see Appendix B for detailed derivations). Ignoring the layer-asymmetry bandgap [51, 52] , the energy dispersion of the n-subband of ABA-FLG is [44, 54, 55 ]
where N ≥ 3 is the number of layers, t ⊥ ≈ 0.39 eV is the interlayer hopping parameter [44, 50, 56] , v F = 10 6 m/s is the Fermi velocity and n = 1, 2, · · · , N represents each of the 2N subbands.J can be derived as
The Schottky current exhibits an N -fold enhancement and a universal Dirac-Schottky T 3 scaling for all N . The N -fold enhancement can be explained by the presence of N conduction subbands [56] . The N -independent T 3 scaling is a rather surprising result. As the ABA-FLG contains multiple non-parabolic subbands, one would expect a mixture of T 2 and T 3 terms in the Schottky current equation. However, we found that the T 2 term generated by j < N subband is exactly canceled out by that of the (N − j) subband (where j = N/2 is a positive integer). This mutual cancellation leads to the universal Dirac-Schottky T 3 scaling in ABA-FLG regardless of the number of layers, N .
In the case of ABC-FLG, the low energy two-band effective tight-binding model [43, 53, 54] gives an energy where Γ(x) is a gamma function. The Schottky current follows an N -dependent scaling relation ofJ
The J-V characteristics of ABA-FLG and ABC-FLG are plotted, respectively, in Fig. 3(a) and Fig. 3(b) for a typical Schottky barrier height of Φ = 0.5 eV. In general, the Schottky current increases with N in both stacking orders and J
(N )
ABC is about an order of magnitude larger than J (N )
ABA . In Fig. 3(c) , we plot the layer-dependence of the normalized Schottky current, i.e.
. J AB and J ABC exhibits distinct forms of N -dependence. For ABA-FLG, J ABA ∝ N and is temperature-independent. In contrast, J ABA exhibits a temperature-dependent nonlinear growth 
with N . To compare the Schottky transport of FLG with that of the monolayer graphene, we define the following ratio:J
where ∆Φ
and Φ SLG is the Schottky barrier of i-stacking FLG and of single layer graphene Schottky interface, respectively. For simplicity, we assume that ∆Φ Table I .
CONCLUSION
In summary, we found that the Schottky transport current in narrow-gap semiconductor and in FLG exhibits distinct forms of unconventional scaling relations. In practice, although the uncertainties of the Richardson constant extracted from an Arrhenius plot can be effec-tively reduced by using a Legendre polynomial fitting scheme as outlined in Ref. [61] , using an incorrect scaling relation can still lead to a severe misinterpretation of the experimental data, yielding an extracted Richardson constant that differs with the actual value by two orders of magnitude. This highlights the importance of using the correct scaling relation in order to better understand the physics of Schottky devices based on novel materials with non-parabolic energy dispersions.
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Derivation of Kane-Schotkky model
The non-parabolic Kane energy dispersion is given as [25, 27, 29] 
where γ denotes the non-parabolicity of the band structure. The energy dispersion is a simple quadratic equation in E can be solved to obtain
This allows us to write down the following transformation:
In this case, the function n(E, E ⊥ ) is given as
where v ⊥ = −1 dE ⊥ /dk ⊥ is the group velocity component along the emission direction. Assuming the Boltzmann statistic, i.e. f (E) = e −Φ/kB T , the electron supply function can be written as
(19) This gives the Kane-Schottky diode equation as
The Kane-Schotkky scaling relation exhibits a mixture of T 2 and T 3 behavior. In the extremely non-parabolic case, γ → ∞, the energy dispersion becomes
By defining v F = 1/2mγ, the energy dispersion reduces the graphene's linear dispersion, i.e. E = v F k . Using the fact that γ = (2mv
−1 , we writē
i.e. the modified Richardson law for graphene [23] . In the other extreme case of γ → 0, the conventional form ofJ ∝ T 2 can be obtained. In summary,
where A = gs,v emk 
Anisotropic Kane's dispersion
In the presence of anisotropy, Kane's non-parabolic energy dispersion can be written as
where θ(φ) ≡ cos 2 φ + (m x /m y ) sin 2 φ, (m x , m y ) are the x-and y-direction electron effective mass and k = (k x , k y ). This gives
which leads to the dk → dE relation of
The supply function density then becomes
The angular integration has a closed form solution of
Therefore,
This is identical to the electron supply function of isotropy band except that the effective mass m is replaced by the term √ m x m y in the pre-factor. Finally, the emission current density can be determined as
where C ≡ gs,v e √ mxmy
is the modified anisotropic Richardson constant.
Parabolic dispersion with higher-order k 4 term
Beyond the parabolic band approximation, a higher order term can be included to account for the nonparabolicity of the band structure at energy far away from the conduction band edge [31] . In this case, the general form of the energy dispersion can be written as E = αk 2 − βk 4 where α = 2 /2m and β is a small correction factor. For this energy dispersion, we have
This gives the supply function density of
and hence
.
(33) Note that the dispersion in Eq. (19) has a unphysical band turning at energy ε 0 = α 2 /4β. Hence, the upper limit of dE is set to ε 0 . When converting dE → dE, the upper integration limit becomes ε 0 + E ⊥ since E = E ⊥ + E . The integral can be solved analytically as
where erf i(x) is the imaginary error function. Finally, we obtain 
x 0 e t 2 dt is the Dawson integral, the current density can be re-written as
In the limit of ε 0 >> k B T ,
where the identity of D + (x) ≈ 1/2x + 1/4x 3 + · · · for large x has been used. Replacing α = 2 /2m, we obtain the final form ofJ
Schottky model in few-layer graphene
We now derive the reverse saturation current in FLG. FLG can be stacked according to two stacking orders: (i) Bernal ABA-stacking; and (ii) rhombohedral ABCstacking [41, [53] [54] [55] . Experimentally, it was shown that the ABC-staking made up of 15% of the total area of mechanically exofoliated tri-and tetra-layer graphene [62] . For chemically grown graphene multilayer in SiC substarte, ABC-stacking is the dominant configuration [60] . For completeness, FLG of both ABA-and ABC-stacking are considered.
ABA-stacked few-layer graphene
For ABA-stacked FLG, we rewrite the energy dispersion in Eq. (11) of the main text as
where γ N,n ≡ t ⊥ cos πn N +1 −1
. Hence,
The supply function due to electrons from n-subband is given as 
Note that the cosine term in the square bracket follows the following identity
where j is a positive integer with 2j = N and j<N . Therefore, the summation over all n results in the mutual-cancellation of the T 2 terms in the square bracket in the second line of Eq. (B4). This gives the total reverse saturation current of 
ABC-stacked few-layer graphene
For ABC-stacked N -layer graphene with N ≥ 2, the low energy two-band effective Hamiltonian can written as [54] 
where k ± = k x ± ik y . The basis ofĤ k is composed of the sublattices in the outermost layers, i.e. (φ A1 , φ BN ) T , since they are responsible for the low-energy dynamics. By diagonalizingĤ k , the energy dispersion is found to be E = α N k N where α N ≡ ( v F ) N −1 /t N −1 ⊥
. Similarly, the following relation can be determined
Similarly, the electron supply function can be written as
The integral can be analytically solved in terms of an incomplete gamma function, i.e.
. Finally, the current density is found to bē
